Abstract: Hierarchies can be modeled by a set of exponential functions, from which we can derive a set of power laws indicative of scaling. The solution to a scaling relation equation is always a power law. The scaling laws are followed by many natural and social phenomena such as cities, earthquakes, and rivers. This paper is devoted to revealing the power law behaviors in systems of natural cities by reconstructing the hierarchy with cascade structure. The cities of America, Britain, France, and Germany are taken as examples to make empirical analyses. The hierarchical scaling relations can be well fitted to the data points within the scaling ranges of the size and area of the natural cities. The size-number and area-number scaling exponents are close to 1, and the allometric scaling exponent is slightly less than 1. The results show that natural cities follow hierarchical scaling laws and hierarchical conservation law very well. The hierarchical scaling law proved to be derived from entropy maximization principle, and this suggests that the evolution of natural cities is dominated by entropy maximization laws. This study is helpful for scientists to understand the power law behavior in the development of cities and systems of cities.
Introduction
Hierarchy is one of the basic characters of complex systems such as cities and networks of cities.
A hierarchy can be mathematically described with a power law or a pair of exponential laws.
Recently years many scientists are interested in hierarchical structure of natural and social systems (Pumain, 2006) . A fractal object is a self-similar hierarchy (Frankhauser, 1998; Mandelbrot, 1982) .
Mathematical models

Hierarchical exponential laws
The urban hierarchy with cascade structure can be described from two complementary angles of view. The longitudinal distributions can be described with exponential functions, and the latitudinal relationships can be described with power functions. Considering a geographical region with n cities, we can organize the cities into a hierarchy comprising M classes according to the generalized 2 n rule (Chen, 2012; Jiang and Yao, 2010) . Based on the top-down order, the cascade structure of the urban hierarchy can be modeled by a set of exponential functions such as 
where m refers to the order number of city class (m=1, 2, …, M), N m denotes the number of cities of order m, correspondingly, S m and A m represent the mean population size and urban area at the 4 mth class. The parameters are as below: N 1 denotes the number of the top-class cities, S 1 and A 1 are the mean size and area of the first-class cities, r n =N m+1 /N m refers to the interclass number ratio of cities, r s =S m /S m+1 to the city size ratio, and r a =A m /A m+1 to the urban area ratio. Generally speaking, N 1 =1, but for the three-parameter Zipf's distribution, N 1 >1 (Chen, 2016) . Equations (1), (2) and (3) compose the mathematical expressions of the generalized 2 n principle (Chen, 2012) , which is based on Beckmann-Davis models (Beckmann, 1958; Davis, 1978) . The first equation represents the number law, the second equation represents the size law, and the third equation represents the area law of urban hierarchies (Chen, 2008) . The three exponential laws can be derived by using the method of entropy maximizing (Chen, 2012) . For a self-similar hierarchy, if r n =2 as given, then it will follow that r s →2, and if r s =2 as given, then it will follow that r n →2, where the arrow denotes "approach". If r n =r s =2, the generalized 2 n principle will return to the standard 2 n principle.
In this instance, we will have T m =N m S m =N 1 S 1 =S 1 , where denotes the total population at the mth level. This implies a property of hierarchical conservation of size distributions.
A set of Zipf's models is hidden behind the three exponential laws. From equations (1), (2), (3) we can derive Zipf's laws of population size distribution and area size distribution. Where population size distribution is concerned, three types of Zipf's models can be derived. If r n =r s , we can derive an one-parameter Zipf's model, S(k)=S 1 /k, where k refers to rank, and S 1 is a parameter indicative of the largest city (Gabaix, 1999a; Gabaix, 1999b) . The one-parameter Zipf's model is termed pure Zipf's law in literature (Batty, 2006) . If r n ≠r s , we can derive a two-parameter Zipf's model, S(k)=S 1 /k q , where q is the second parameter indicating scaling exponent. If r n ≠r s and the largest city cannot influence the whole geographical region, we can derive a three-parameter
, where h is the third parameter indicating translational factor, and C denotes proportionality coefficient (Chen, 2016) . This suggests that Zipf's distribution can act as an indication of self-similar hierarchy.
Hierarchical power laws
The relationships between exponential laws and power laws suggest the relationships between simplicity and complexity. Exponential laws indicate growth, distribution, and process with characteristic scales, while power laws indicate allometry, fractal, and pattern without characteristic scales. The former suggests simplicity, and the latter suggests complexity. The 5 exponential laws and power laws can be integrated into the same framework with hierarchical scaling concept. This suggests a hidden link between simplicity and complexity. From the above exponential laws, it follows a set of power-law models as follows
where the parameters can be expressed as
and b=lnr a /lnr s . Among these parameters, D and d denote the fractal dimension of city size distributions, and is the allometric scaling exponent of urban hierarchy. In fact, b the is the ratio of the fractal dimension D to the dimension d, that is, b=D/d=(lnr n /lnr s )/(lnr n /lnr a )=lnr a /lnr s .
Apparently, from equations (1) and (2), we can derive equation (4); from equations (1) and (3), we can derive equation (5); from equations (2) and (3), or from equations (4) and (5), we can derive equation (6). This implies that, for the cascade structure of a hierarchy of cities, exponential laws and power laws represent two different sides of the same coin. The exponential laws can be directly derived from the principle of entropy maximization, and thus entropy maximization can be employed to indirectly explain the power laws of cities.
The hierarchical scaling of cities performs power law behaviors and can be expressed with the three power functions. Equation (4) suggests the size-number scaling in a hierarchy of cities. It is equivalent to the Pareto law of population-size distribution, and D is the fractal dimension of urban hierarchies measured with city size such as population. Equation (5) suggests the area-number scaling of cities. It is equivalent to the Pareto law of city-area distribution, and d can be regarded as the fractal dimension of urban hierarchies measured with urbanized area. Equation (6) suggests the hierarchical allometric scaling relation between urban area and size, and b is the allometric scaling exponent of urban hierarchy. The inverse functions of equations (4) and (5) are equivalent to the Zipf's laws of population size distribution and area size distribution. This implies that Zipf's distribution is just a signature of hierarchical scaling. In scientific research, one of difficult problems of mathematical modeling rests with spatial dimension (Waldrop, 1992) .
Hierarchy and network represent two different sides of the same coin (Batty and Longley, 1994) .
Network structure is associated with spatial recursive subdivision (Goodchild and Mark, 1988) . and Longley (1994) and Goodchild and Mark (1987)] 3. Empirical analysis
Study area and methods
The validity and rationality of the mathematical models can be verified and evaluated through empirical observation data. In fact, the success of natural sciences just rests heavily with their great emphasis on the role of interplay between quantifiable data and models (Louf and Barthelemy, 2014a) . Four systems of cities in Europe and America can be employed to testify the hierarchical scaling laws and the related models about cities. Jiang and his coworkers (Jiang and Jia, 2011; Jiang and Liu, 2012) proposed a concept of natural city and developed a new approach to measuring objective city sizes using street nodes or blocks. Urban block is an ordinary concept, and the street nodes are defined as street intersections and ends. Using an identification algorithm of urban boundary, Jiang's research group was able to delineate boundaries of natural cities and yield city areal extents. To a degree, this method bears an analogy with the city clustering algorithm (CCA) proposed by Rozenfeld et al (2008 Rozenfeld et al ( , 2011 . In theoretical geography, an urban 7 boundary is termed urban envelope, and the city areal extent is called urban area (Batty and Longley, 1994; Longley et al, 1991) . Thus urban area can be determined by a city's areal extent containing a large number of street blocks or nodes. The number of street nodes is significantly correlated with the population size of cities. The city data are extracted from massive volunteered geographic information OpenStreetMap databases through some data-intensive computing processes, and four datasets on the cities of America (USA), Britain (UK), France, and Germany are available.
The empirical analysis can start from investigating Zipf's distribution, which can be regarded as a signature of the hierarchies with cascade structure. If cities in a region follow Zipf's law, they can be organized into a self-similar hierarchy (Chen, 2012) . On the other hand, if a system of cities possesses cascade structure, the cities in the system will follow Zipf's law. It has been
shown that the cities in the four countries follow Zipf's law (Jiang and Jia, 2011; Jiang and Liu, 2012) . Applying the generalized 2 n rule to the above-mentioned datasets, we can create four self-similar hierarchies of European and American cities. Suppose that these systems of cities follow the abovementioned pure Zipf's law. Then the cities in each country can be reorganized into a hierarchy with cascade structure. Table 1 is presented for understanding the operational process of hierarchical reconstruction. 
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The theoretical foundation was given by Chen (2012) .
Several algorithms can be adopted to evaluate the scaling exponents. The most common ones include the least squares method (LSM) (Chen, 2015b) , maximum likelihood method (MLM) 8 (Clauset et al, 2009; Newman, 2005) , and major axis method (MAM) (Chen, 2016; Zhang and Yu, 2010) . Recent years, the MLM is often used to identify power-law distributions, and it is treated as the most available approach to estimating power exponents. In fact, the power-law relations of this work are based on exponential functions, and are converted into logarithmic linear models. It was demonstrated that if the observations come from an exponential family and mild conditions are satisfied, the least-squares estimates are identical to the maximum-likelihood estimates (Charnes et al, 1976) . What is more, if the errors of a linear model belong to the normal distribution, the least squares estimators are also identical to the maximum likelihood estimators. All in all, the function of an algorithm is to estimate the parameter values of a mathematical model rather than judge the form of a model's expression. Any algorithm has its advantages and disadvantages, sphere of application, and applicative conditions. The precondition of applying the MLM to observational data is that the variables satisfy the joint normal distribution. Unfortunately, for human systems such as cities, the observational data do not always meet the joint normal distribution. In this case, the LSM is an advisable approach to estimating power exponent values (Chen, 2015b) . The models' parameters are evaluated by using the least squares calculations.
Results and findings
The systems of cities in USA, UK, France, and Germany can be well described with hierarchical scaling formulae. In light of the generalized 2 n principle expressed by equations (1) and (2), we can organize the cities in each country into a hierarchy with cascade structure. The city number in the mth level is N m =1, 2, 4, …, 2 m-1 ,…. The level numbers of urban hierarchies in the four countries are 15, 11, 11, and 13, respectively. The last levels are lame-duck classes because that city numbers are not big enough. Based on the hierarchical structure, we can calculate the average city size P m and the corresponding average urban area A m at each level ( Table 2 ). The city numbers in different classes are designed according to the 2 n rule and satisfy equation (1). It is easy to testify that city size P m and urban area A m follow exponential distribution and meet equations (2) and (3), respectively, but the lame-duck classes are two outliers due to lack of adequate cities. Strictly speaking, the first class is usually an outlier because the largest city is often an exception (Chen, 2012) . In fact, a mathematical law always becomes ineffective when the scale of measurement is too large or too small. The exponential distributions of city size and urban area result in the power-law relations between city number, size, and area. The exceptional values in the exponential laws often manifest themselves on the log-log plots for power laws. In fact, if the scale is too large or too small, a power-law relation always breaks down (Bak, 1996; Chen, 2008) . Thus the extreme classes always form exceptional points, and there exists a scaling range between the two extremes. For
American cities, the last class of cities is out of trend lines and forms outliers, but the first class of cities is normal (Figure 2 ). For the Britain, French, and German cities, both the first and last classes are exceptional values (Figure 3, Figure 4 , and Figure 5 ). For comparability, the first class of American hierarchy of cities is treated as an outlier, which does not influence the results and conclusions significantly. Removing the first and last data points as outliers yields scaling ranges for the relations between city number and city size or urban area. All the data points within the scaling range follow power law and take on double logarithmic linear relationships. In short, without considering the first and last classes, the relation between city size and number can be described with equation (4), and the relation between urban area and number can be described with equation (5). Fitting equations (4) and (5) to the datasets in Table 2, be termed fractal dimension quotient of urban hierarchies. As indicated above, if D approaches 1, the total "population" of the mth level approaches a constant S 1 . Despite the fact that there are always many smaller cities than larger ones (Batty, 2006; Jiang and Jia, 2012; Jiang and Yin, 2014) , the product of average size and city number at each class seems to be invariable.
a. City size b. Urban area Areage area A m dimension relations, from which it follows an allometric scaling relation between city size and urban area. Using the data displayed in Table 1 , we can estimate the allometric scaling exponent values. Corresponding to the exponential models and fractal models above mentioned, the first and last classes are treated as outliers so that the allometric parameters and fractal parameters are more comparable with one another. The allometric scaling of the hierarchies of cities in the four European and American countries is clear and convincing. For American cities, all the data points follow the allometric scaling law; for the cities of UK, French, and Germany, the last levels, i.e., the lame-duck classes, are exceptional points ( Figure 6 ). The main results are shown in Table 3 , in which we can see the way and effect of data processing.
The four study areas, USA, UK, French, and Germany, are all developed countries, and the levels of urbanization are near the capacity values. The allometric scaling properties of these urban hierarchies are as below: First, the allometric scaling exponent is close to but less than 1. This suggests that the relative growth rate of city size is slightly less than that of urban area. Second, the allometric scaling exponent is equivalent to the fractal dimension quotient. In theory, the allometric exponent is the ratio of the fractal dimension of urban population size distribution to that of urban area-size distribution. Where empirical analysis is concerned, the allometric exponent is close to the fractal dimension ratio. Generally speaking, for the developing systems of cities, the fractal dimension of population-size distribution is significantly less than that of area-size distribution. The allometric scaling exponent values come between 2/3 and 1, and always approach to 0.85 (Chen, 2008; Chen, 2010; Louf and Barthelemy, 2014b) . However, for the developed urban systems, the difference between the two types of size distribution dimension is not significant. Therefore, the allometric scaling exponent is close to 1. Otherwise, a system will lose its balance (Bertalanffy, 1968) . 
Discussion
The empirical analysis shows that the natural cities of the four European and American countries follow hierarchical scaling laws. Taking scaling ranges into account, we can fit the size-number scaling and area-number scaling relations into the observational data very well. The two scaling relations are equivalent to the Zipf's law of distributions of urban population and area (Chen, 2012) . The size-number scaling analysis gives the fractal dimension of population-size distribution D, and the area-number scaling analysis yields the fractal dimension of area-size distribution d. From the above-mentioned scaling relations, we can derive the size-area allometric scaling relation.
Hierarchical allometry is one of urban allometric scaling relations. Allometric scaling includes longitudinal allometry (temporal allometry), transversal allometry, and spatial allometry (Chen, 2008; Pumain and Moriconi-Ebrard, 1997) , and transversal allometry includes cross-sectional allometry based on rank-size distribution and hierarchical allometry based on cascade structure.
The longitudinal allometry is based on exponential growth (Bertalanffy, 1968), or logistic growth (Chen, 2014) , while the transversal allometry is based on rank-size distribution, exponential distribution, or hierarchical power-law distribution (Table 4 ). The hierarchical allometry is equivalent in mathematics to the cross-sectional allometry, and form a connection between transversal allometry and longitudinal allometry. A hierarchy makes a link between spatial disaggregation and network structure (Batty and Longley, 1994) . By researching allometric scaling in hierarchies of cities, we will be able to find the latent inherent correlations between spatial patterns, temporal processes, and dynamic mechanisms of urban evolution. The allometric scaling has been applied to urban studies based on census data and statistical data (Chen, 2011; Chen, 2012) . However, the observational data of natural cities provide better evidences for the hierarchical allometric scaling laws. a, b, p, q, u, v, ra, rp, A0, A1, Amax, S0, S1 , Smax are all parameters (proportionality coefficient, scaling exponent, ratio, capacity, etc.).
Allometric scaling indicates a power-law relation, which suggests a proportional relation between two measures. Therefore, allometry is involved with two concepts of modern mathematical modeling. One is spatial dimension, and the other is scaling range. Spatial dimension is one of the conundrums in mathematical description. A measure is proportional to another measure, if and only if (iff) the two measures bear the same spatial dimension. So a length is in proportion to the square root of an area, or to the cubic root of a volume. This principle has long been discovered by the ancient Greeks. In this sense, the allometric scaling exponent of the largest city (e.g., London) is a world city, and the area of its country (Great Britain) is not large, then the sphere of influence of the largest city will go far beyond the national area. As a result, the largest city becomes on an outlier and the primate distribution will replace Zipf's distribution of cities (Chen, 2008) . Meanwhile, the small towns may form outliers and go beyond the scaling range in a log-log plot due to undergrowth of city sizes (Chen, 2012) . In China, improper government intervention in urbanization often gives rise to abnormality of urban structure, which takes on outliers in datasets (Chen, 2014) . Sometimes, small cities or towns are developed in relative size, but the city number does not reach 2 M , where M is a positive integer. Thus the last level of urban hierarchy forms a lame-duck class (Davis, 1978) .
The power law behaviors of hierarchical scaling in city development can be explained by the principle of entropy maximization. A power law is based on two exponential laws, and the relationships between the power laws and exponential laws can be revealed by the self-similar hierarchy. In fact, exponential distributions can be derived by using entropy-maximizing methods (Bussiè re and Snickars, 1970; Chen, 2012; Curry, 1964; Wilson, 1968) , and a power law can be derived from a pair of exponential laws (Chen, 2008; Chen, 2012; Wilson, 2010) . In this paper, the power laws, equations (4), (5), and (6), are derived from the exponential laws, equations (1), (2), and (3). It has been proved that equations (1), (2), and (3) can be derived from entropy maximization principles of urban evolution (Chen, 2012) . City size can be measured by both urban population and urbanized area. Equation (1) is based on the entropy maximization process of urban frequency distribution, while equations (2) and (3) are based on the entropy maximization of city size distributions (Table 5 ). This suggests that a power law is based on two dual processes of entropy maximization. Entropy maximization means an optimal and coordinated relationships between the efficiency of the whole and the equity among individuals in a self-organized system (Chen, 2012; Chen, 2015b) . The results of empirical analyses indicates that the entropy maximization principle can be employed to explain the evolution of natural cities. Entropy maximization of frequency distribution Internal complexity
The merits of this study rest with data quality, dataset size, and mathematical models. On the one hand, all the observational data are based on the concept of natural cities and bear high quality.
On the other, the size of datasets are very large compared the traditional sample sizes for rank-size analysis. Compared with the studies on urban hierarchies and rank-size distributions based on census data or statistical data, the datasets of natural cities are more suitable for hierarchical scaling analysis of cities. What is more, the models have performance of anti-disturbance of random noises. The main drawbacks of the work lie in two aspects. First, the city size is measured by numbers of block or traffic nodes rather than urban population. A city is a human settlement, and population size belongs to the first order dynamic models of cities (Arbesman, 2012) . Two central variables can be employed to research spatial dynamics of urban development: population and wealth (Dendrinos, 1992) . If the relation between urban population and block/node number is linear, the number of blocks or traffic nodes can be used to replace urban population, otherwise, the real relation should be revealed. Second, the temporal dimension does not be considered. Only one year datasets are available, and we cannot examine the dynamic change of hierarchies of natural cities. Despite these shortcomings, the contribution of the paper is clear: we use four big datasets of high quality to verify the hierarchical scaling laws from urban angle of view.
Conclusions
In this paper, we investigate the systems of natural cities in four European and American counties. Two measures are employed to reflect city size, one is the number of blocks, and the other is number of streets nodes. Different urban systems based on different size measurements lead to the same direction: all these systems of cities can be organized into hierarchies with cascade structure. The self-similar hierarchy can be described with a set of exponential laws:
number law, population size law, and urban area law. The three exponential equations can be equivalently transformed into a set of power functions, the first one reflect the size-number scaling 18 relation, the second one reflect the area-number scaling relation, and third one reflect the size-area allometric scaling relation. The self-similar hierarchy indicates a kind of deep structure of systems of cities and latent spatial order in urban evolution.
The main conclusions of this study can be drawn as follows. First, the natural cities follow the hierarchical scaling laws, which can be represented by a set of power functions. The three hierarchical models can be well fitted to the datasets of city size and urban area of America, Britain, France, and Germany by taking the scaling range into consideration. Compared with the census data or statistic data of cities, the observational data of natural cities show better effect of hierarchical scaling analysis. Moreover, the allometric scaling relation comes from a pair of rank-size scaling relations. In theory, the allometric scaling exponent is equal to the ratio of the fractal dimension of population size distribution to that of area size distribution; in practice, the allometric exponent is very close to the quotient of the two fractal dimension values of size distributions (esp. Britain and Germany). Second, the principle of entropy maximization can be employed to explain the power law behaviors in hierarchies of natural cities. A power law is based on a pair of exponential laws. An exponential law can be derived by means of the method of entropy maximizing. Thus a power law is determined by two entropy maximization processes. An urban hierarchy is involved two types of entropy maximization: frequency distribution and size distributions. The fractal models are controlled by an entropy maximization process of frequency distribution and that of size distribution, while an allometric scaling relation is dominated by two entropy maximization processes of size distributions. Entropy maximization can explain the power law of traditional city size distribution, but this principle seems to be more suitable for explaining the evolution and power law emergence of natural cities. Third, the primate distribution of city sizes influences the hierarchical scaling patterns to some extent. In urban geography, city size distributions are divided into two different groups: rank-size distribution and primate distribution.
However, according to this study, the primate distribution seems not to represent an independent type. The large cities in Britain and France take on the character of primate distribution because London and Paris are two global cities. The primate distribution has impact on the log-log relations between city number, size, and urban area. However, this influence is not significant.
This suggests that, compared with the rank-size law, the primate law represents a local rule, which can be covered by the hierarchical scaling relations based on big datasets.
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